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Abstract. Though generally agreed that the symmetry energy plays a dramatic role in determining the
structure of neutron stars and the evolution of core-collapsing supernovae, little is known in what concerns
its value away from normal nuclear matter density and, even more important, the correct definition of this
quantity in the case of unhomogeneous matter. Indeed, nuclear matter traditionally addressed by mean-
field models is uniform while clusters are known to exist in the dilute baryonic matter which constitutes
the main component of compact objects outer shells. In the present work we investigate the meaning of
symmetry energy in the case of clusterized systems and the sensitivity of the proto-neutron star composition
and equation of state to the effective interaction. To this aim an improved Nuclear Statistical Equilibrium
(NSE) model is developed, where the same effective interaction is consistently used to determine the
clusters and unbound particles energy functionals in the self-consistent mean-field approximation. In the
same framework, in-medium modifications to the cluster energies due to the presence of the nuclear gas are
evaluated. We show that the excluded volume effect does not exhaust the in-medium effects and an extra
isospin and density dependent energy shift has to be considered to consistently determine the composition
of subsaturation stellar matter. The symmetry energy of diluted matter is seen to depend on the isovector
properties of the effective interaction, but its behavior with density and its quantitative value are strongly
modified by clusterization.
PACS. 21.65.Mn nuclear matter equation of state – 26.60.Gj Neutron star crust – 21.10.Dr Binding energy
nuclear
1 Introduction
While the properties of the energy density as a function
of the baryonic density ρ and the isospin asymmetry δ =
(ρn − ρp)/ρ, i.e. the equation of state, close to saturation
are constrained by the experimental data of atomic nuclei,
little is known about their behavior away from the satura-
tion density of symmetric nuclear matter ρ00. This is espe-
cially true in the isovector sector. As a consequence, the
so-called symmetry energy per baryon, defined as the cur-
vature of the energy per baryon in the isospin direction cal-
culated for symmetric matter, 2esym ≡ ∂
2e/∂δ2(ρ, δ = 0),
is presently the object of intense research.
This quantity is thought to impact on a variety of
phenomena ranging from nuclear masses [1], neutron skin
thickness [2], fragment and particle production and flows
in intermediate and high energy heavy-ion collisions [3,4,
5], collective modes [6,7,8,9] , structure and properties
of neutron star crust [10,11,12,13], just to cite a few.
For recent reviews of these different topics, see the cor-
responding articles of this volume. Within the present
constraints, still a broad range of behaviors is put for-
ward by the different effective interactions which can give
consistent predictions for symmetric matter and still di-
verge in their isovector behavior, effectively measured by
the slope L ≡ 3ρ00 (desym/dρ)ρ=ρ0
0
and curvature Ksym ≡
9ρ20
(
d2esym/dρ
2
)
ρ=ρ0
0
of the symmetry energy around ρ00.
For the idealized uncharged uniform system that nu-
clear matter (NM) is considered as, it is customary [14,15]
to assume, at least close to symmetry |δ| ≪ 1, a parabolic
dependence of the energy per baryon on the asymmetry
parameter as e(ρ, δ) ≈ e0(ρ) + esym(ρ)δ
2. Within this ap-
proximation, the symmetry energy gets the intuitive phys-
ical meaning of representing the energetic cost of convert-
ing isospin symmetric matter into neutron matter.
The validity of this representation stems from the charge
invariance property of the strong interaction: in the ab-
sence of electromagnetic couplings symmetric matter (δ =
0) minimizes the energy at any baryonic density ρ. In turn,
the absence of Coulomb effects in baryonic matter is due
to the assumption of homogeneity associated to the ther-
modynamic limit.
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Because the contrasting effects of Coulomb, which is
minimized when matter is clusterized, and surface energy,
which is minimized in uniform matter, it is however very
well known that baryonic matter, as it can be found in
core-collapse supernovae explosions (CCSN) and (proto-
)neutron stars (P)NS, possesses an inhomogeneous struc-
ture [16,17]. It basically consists of a dense component
(clusters), whose density is roughly the normal nuclear
matter density, and a dilute component, constituted of
unbound nucleons. The fact that this does not correspond
to the liquid-gas (LG) phase coexistence that occurs in
uncharged NM [18,19], but to a mixture where the two
components alternate on a microscopic scale, is due to the
electron screening, and makes the crust-core transition a
continuous one [20,21].
Because of this inhomogeneity, matter is locally charged,
meaning that the energy density minimum might not be
located at δ = 0, and the parabolic expansion around sym-
metric matter might not be justified. Therefore, the mean-
ing itself of symmetry energy is questionable. Moreover,
given that an important fraction of matter is at (or close
to) saturation nuclear density, where all realistic nucleon-
nucleon interaction potentials provide for physical observ-
ables values in agreement with the experimental data, it
is expected that the sensitivity of the symmetry energy to
the underlying effective interaction might be partially or
totally washed out.
The aim of the present work is to investigate the va-
lidity of the parabolic approximation, the meaning of the
symmetry energy and the sensitivity to the EOS in the
case of net-charge neutral inhomogeneous nuclear matter
at sub-saturation densities treated within the nuclear sta-
tistical equilibrium (NSE) approach [22,23,24,25,26,27].
2 Clusters in stellar matter
Self-consistent mean-field approaches have shown already
thirty years ago that the clusterized structure typical of
the outer crust of neutron stars persists at any density
below saturation, with a continuous variation of cluster
sizes, isospin and shape as the volume fraction of the dense
phase increases [28,29]. Confirmation is offered by mi-
croscopic calculations [30,20,31] which additionally show
that the same stands true at finite temperature and for
arbitrary proton fractions [32,33,34]. Knowledge of both
thermodynamical response of baryonic matter and its chem-
ical composition represents a chief requirement for astro-
physical simulations of CCSN and PNS cooling. The task
is challenging, as a wide range of temperatures (109 < T <
2 ·1011 K), baryonic densities (105 < ρ < 1014 g/cm3) and
proton fraction (0 ≤ Yp ≤ 1) are spanned, with matter
presenting a wealth of phenomenologies. Though in prin-
ciple preferable, microscopic calculations are too expensive
to be exploited for such a task. It is considered that an
acceptable compromise is offered by NSE-models which
describe matter as a mixture of loosely interacting nucle-
ons and nuclei in thermal and chemical equilibrium [22,
23,24,25,26,27]. The basic idea behind NSE is the Fisher
conjecture that strong interactions in dilute matter may
be completely exhausted by clusterization [35].
Several such models have been proposed in the last
years. Allowing for a distribution of nuclear species, they
represent a step forward with respect to the pioneering
work of Lattimer and Swesty [36], where only a unique
representative nucleus had been considered. They are valid
on the huge ranges of densities, temperature and proton
fractions explored during the core collapsing supernovae
and are, in principle, able to describe the inhomogeneous
(crust)- homogeneous (core) matter transition.
A shortcoming of NSE models is the inconsistency
among the energy functionals adopted for the descrip-
tion of unbound nucleons and nuclear species. This is the
case of our previous work [26,21] where we used the self-
consistent mean-field treatment for unbound nucleons and
a phenomenological liquid-drop parametrization for the
cluster functional. The same is true for the work of Ref.
[25], where a table of experimental binding energy was em-
ployed. The use of experimental binding energies should
give in principle an optimal predictive power to the model,
but most of the clusters present in stellar matter lie be-
yond the neutron drip-line or the fission instability line in
terrestrial laboratories. In such a situation a mass table
has to be complemented by a theoretical prediction, and
the problem of consistency with the treatment of contin-
uum states arises again.
To describe clusterized baryonic matter at sub-saturation
densities, we shall adopt in this work the non-relativistic
density functional approach with Skyrme effective inter-
actions. The nuclear gas is then described by the (free)
energy density obtained with these interactions in the ho-
mogeneous limit [26], while the cluster functional param-
eters are calculated from the same effective interaction as
parametrized in Ref. [37].
Another limitation of NSE models is the phenomeno-
logical treatment of hard-core interactions among the clus-
terized and gas components via the excluded volume ap-
proximation. A recent comparison [38] of the excluded vol-
ume approach with a more sophisticated calculation of the
binding energy shift due to the Pauli blocking effect of the
continuum states shows that the semi-classical excluded-
volume gives a reasonably good overall description of the
in-medium modifications, in particular correctly leading
to the Mott dissolution of clusters in a dense gas [39].
We will argue in the next section that indeed, within the
local density approximation, the excluded volume effect
completely accounts for the bulk part of the in-medium
modification.
In-medium surface effects are completely neglected by
the excluded volume approach. Such effects can however
be readily implemented if the cluster and gas functionals
are derived from the same effective interaction. This extra
correction is addressed in Section 4.
2.1 The model
At sub-saturation densities matter that constitutes CCSN
and (P)NS is composed of neutrons, protons, light and
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heavy bound clusters of nucleons, a charge neutralizing
background of electrons and positrons (in pair-equilibrium)
and photons in thermal and chemical equilibrium. De-
pending on the thermodynamical conditions, neutrinos
and anti-neutrinos can also participate to the equilibrium.
As there is no interaction among leptons, photons and
baryons other than the electromagnetic one, the different
systems are treated separately and their contributions to
the global thermodynamical potentials summed up. Con-
sidering an arbitrary statistical ensemble and letting F be
its thermodynamical potential one writes,
ftot = fbaryon + flepton + fγ , (1)
where we have replaced the extensive thermodynamical
potential by its density f = limV→∞ F/V . V stands for
the volume which, at the thermodynamical limit, is irrel-
evant.
In what regards the non-baryonic sectors, we shall adopt
the traditional description valid in this T − ρ range [36]:
leptons are considered to form an ideal highly relativistic
gas in pair-equilibrium and photons are considered as an
ultra-relativistic Bose gas.
It is worthwhile to remind that the electron-chemical
potential is imposed by the net charge neutrality constrain
ρe = ρp through the relation
ρe =
ge
6π2
(µe
h¯c
)3 [
1 +
1
µ2e
(
π2T 2 −
3
2
m2ec
4
)]
, (2)
where ge and me respectively stand for the electron spin
degeneracy and rest mass.
In the specific application studied in this paper, we
will consider low temperature matter in β-equilibrium, ap-
propriate for the description of the (P)NS crust and the
pre-bounce CCSN dynamics. The emphasis on low tem-
perature will allow us to concentrate on the influence of
the energy functional by minimizing the entropic contri-
butions. In this physical situation, matter is completely
transparent to neutrinos which do not participate to the
chemical equilibrium. This latter is then defined by the
relation:
µn +mnc
2 = µp +mpc
2 + µe +mec
2. (3)
The baryonic sector is composed of various loosely
interacting nuclear species including unbound nucleons.
The relative amount of clusterized and unbound compo-
nents evolves continuously as a function of baryonic den-
sity, and the limiting structures correspond to a crys-
tal (at low densities) and homogeneous matter of inter-
acting nucleons (at ρ  ρ00). The thermal and chemi-
cal equilibrium among the different nuclear species deter-
mines, together with mass and charge conservation and
excluded volume constraints, the multiplicity of the dif-
ferent particles and clusters. In the present work we shall
adopt the analytically tractable model proposed in Ref.
[21]. In this model the gas of nucleons is treated in the
bulk uniform limit within the mean-field approximation
with Skyrme effective interactions. The non-relativistic
character allows to express the energy density in terms
of nucleon-nucleon coupling constants and single-particle
species (ρg = ρgn + ρgp, ρg3 = ρgn − ρgp) and kinetic
energy (τg = τgn + τgp, τg3 = τgn − τgp) densities:
ǫ =
h¯2
2m
τg + C0ρ
2
g +D0ρ
2
g3 + C3ρ
σ+2
g +D3ρ
σ
gρ
2
g3
+Ceffρgτg +Deffρg3τg3 (4)
where the coefficients Ci and Di, associated respectively
with the symmetry and asymmetry contributions, are lin-
ear combinations of the traditional Skyrme parameters,
and the unbound particle densities are given by:
ρgi =
4π
h3
(
2m∗i
β
) 3
2
F 1
2
(βµ˜i), (5)
and
τgi =
8π3
h5
(
2m∗i
β
) 5
2
F 3
2
(βµ˜i), (6)
with Fν(η) =
∫∞
0 dx
xν
1+exp(x−η) standing for the Fermi-
Dirac integral and µ˜i for the effective chemical potential,
µi = µ˜i +mic
2 + Ui, with the mean-field potential Ui =
∂ǫg/∂ρgi, and h¯
2/2m∗i = ∂ǫg/∂τgi gives the proton and
neutron effective masses.
The phase diagram of homogeneous matter is known
to present a complex phenomenology with temperature-
dependent 1st and 2nd order phase transitions. This means
that for certain values of (T, µn, µp) up to three solutions
exist and each can be in principle put in equilibrium with
the clusterized counterpart. Among them, the equilibrium
solution will be the one minimizing the thermodynamical
potential.
The clusterized component is regarded as a non-interacting
gas of clusters of size Ai > 2 and isospin Ii = Ni−Zi by as-
suming that nuclear interactions are entirely exhausted by
clusterization or can be recasted in the form of in-medium
modified cluster functionals.
The corresponding partition function writes in the canon-
ical ensemble,
ZA>1β,µ3 (A0) =
∑
{nA}
∏
A>1
ωnAA,µ3
nA!
(7)
To simplify the calculation of the partition sum, a saddle
point approximation is made on the I direction and only
the most probable isotope I¯(A) for each size A is retained.
The resulting expression for the partition sum of a cluster
of size A is:
ωA,µ3 =
1
2
√
2πσ2AVF
(
2πAm0
βh2
)3/2
exp−
(
βF β
A,I¯
)
exp(βµ3I¯) (8)
where the most probable isotopic composition I¯ of a clus-
ter of size A depends on the temperature according to,
µ3 =
∂F βA,I
∂I
|I=I¯ , (9)
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and the associated isotopic dispersion is given by
1
σ2A
= β
∂2F βA,I
∂I2
|I=I¯ . (10)
When expressing the partition functions we have in-
troduced the isoscalar and isovector chemical potentials
µ = (µn + µp)/2 and, respectively, µ3 = (µn − µp)/2, and
we have neglected the difference between the proton and
the neutron bare mass, mn ≈ mp ≈ m0.
nA =
∑
I nIA is the occupation number of size A where
the sum is restricted to combinations {nA} ≡ {n2, . . . , nA0}
satisfying the canonical constraint,
A0∑
A=2
AnA = A0. (11)
A0 is a big number corresponding typically to a few
hundreds of Wigner-Seitz cells, and convergence is checked
with respect to an increase of A0 to insure that the ther-
modynamical limit is attained. In eq.(8) VF is the free
volume associated to the cluster center of mass, given by:
VF (A) =
[
V −
A0 −A
〈ρ0〉β
] [
1−
ρg
ρ00
]
, (12)
where < ρ0 >β and ρ
0
0 stand for the average cluster den-
sity and saturation density of symmetric matter. Different
prescriptions are proposed in Refs. [25,26] and the results
are not very sensitive to the detailed approximation em-
ployed.
One of the most important quantities is the cluster free
energy F βA,I . In its most general case it writes [21]:
F βA,I = EA,I + 〈E
∗
A,I〉β − TS
β
A,I , (13)
where EA,I is the ground-state energy, 〈E
∗
A,I〉β is the av-
erage cluster excitation energy, SβA,I is the entropy.
In view of a consistent description of the nucleon and
cluster gases, we adopt for the cluster ground state energy
functional the parameterization proposed by Danielewicz
and Lee [37] who provide for the parameters values fitted
on Hartree-Fock calculations with a variety of Skyrme-
interactions. Additionally accounting for electron screen-
ing in theWigner-Seitz approximation, the functional writes:
EA,I(ρe) = avA− asA
2/3 −
aa(A)
A
I2
−acfWS(A, I, ρe)
(A− I)
2
4A1/3
, (14)
with
aa(A) =
aav
1 + aav/(a
a
sA
1/3)
, (15)
and
fWS(A, I, ρe) = 1−
3
2
(
ρe
ρ0p(A, I)
)1/3
+
1
2
(
ρe
ρ0p(A, I)
)
,
(16)
with ρe and ρ0p(A, I) = (Yp)clρ0(A, I) standing for the
electron density and, respectively, proton density inside
the cluster. Here, ρ0(A, I) is the saturation density corre-
sponding to the isospin asymmetry in the cluster bulk,
ρ0(A, I) = ρ
0
0
(
1−
3Lδ2cl
K +Ksymδ2cl
)
, (17)
meaning that we account for fragment compressibility in
agreement with microscopic findings [40]. In principle in
this expression δcl = 1 − 2(Yp)cl should represent the
isospin asymmetry in the cluster bulk, which is here ap-
proximated for simplicity to the average cluster asymme-
try δcl = I/A.
A consistent calculation of the cluster excitation en-
ergy 〈E∗A,I〉β and level density exp(S
β
A,I) with the same
Skyrme functional used for the energy is beyond the scope
of this work. We will consider a simple Fermi-gas expres-
sion as often employed in the literature, but limit the
study to temperatures low enough that the ambiguity as-
sociated to this inconsistency plays a negligible role.
The different physical quantities are calculated as a
weighted average of the cluster xcl = A0/Atot and un-
bound (1 − xcl) = Afree/Atot nucleons component. For
instance, accounting for the excluded volume, the total
baryonic density reads:
ρ =
A0
V
+ ρg
(
1−
A0
V < ρ0 >β
)
. (18)
2.2 The different effective interactions
To study the sensitivity to the symmetry energy, four ef-
fective interactions have been considered: SLY4 [41], SGI
[42], SkI3 [43] and LNS [44]. Their properties in terms of
saturation density for symmetric matter ρ00, compression
modulus K, slope of the symmetry energy L and curva-
ture of the symmetry energy Ksym around ρ
0
0 are listed in
Table 1. They have been chosen such as to behave simi-
larly in the isoscalar direction and different in the isovec-
tor direction. In this way, the observed differences in the
predictions will be straightforwardly associated to the dif-
ferences in the isovector or symmetry behavior.
The similarity of the isoscalar features is indicated by
the relatively narrow range the values of K spanned, in
agreement with present constraints from collective modes
and heavy ion collisions. The different isovector features
are illustrated by the different values of the slope L and
the curvature Ksym of the symmetry energy around ρ
0
0.
The broad ranges, 46 ≤ L ≤ 100.5 MeV and −127.4 ≤
Ksym ≤ 73 MeV, are suggestive of how little the present
available experimental data still constrain the EOS.
The evolution with density of the energy per baryon
provided by the different effective interactions is plotted in
the upper panels of Fig. 1 for symmetric matter (Yp = 0.5)
(left) and neutron matter (Yp ≡ ρp/ρ=0) (right) at the ar-
bitrary value of 1 MeV temperature for which most of the
NSE calculations shown in this paper are performed (see
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Table 1. Bulk nuclear properties for different Skyrme interactions as given in Ref. [37]
NN-potential ρ00 K L Ksym av as a
a
v a
a
s ac
(fm−3) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
SLY4 0.1595 230.0 46.0 -119.8 15.97 18.24 32.00 16.60 0.69
SGI 0.1544 261.8 63.9 -52.0 15.89 17.48 28.33 12.76 0.69
SkI3 0.1577 258.2 100.5 73.0 15.98 17.77 34.83 12.77 0.69
LNS 0.1746 210.8 61.5 -127.4 15.31 15.77 33.43 14.10 0.69
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Fig. 1. Energy per baryon versus ρ (top) and versus A (bottom) for different NN-interaction parameterisations in the case of
homogeneous matter (at T=1 MeV) and, respectively, nuclei as predicted by the self-consistent mean-field theory, corresponding
to different proton fractions as mentioned on each panel.
below). For symmetric matter, the three EOS character-
ized by the closest values of K, that is SLY4, SGI and
SkI3, lead to E/A(ρ)-curves that sit one on the top of
the other while a small shift is obtained for LNS, due to
the slightly too high saturation density presented by this
parametrization. On the contrary, the energetics of the
neutron-pure matter shows over the whole density range
a significant sensitivity to the effective interaction.
The lower panels in Fig. 1 depict the evolution with the
cluster mass number of the binding energy per nucleon as
predicted by Eq. (14) for the four considered effective in-
teractions and two arbitrary values of the proton fraction:
0.5 (left) and 0.2 (right). The values of the LDM param-
eters are taken from Ref. [37] and are listed in Table 1.
Little sensitivity to the effective interaction is shown by
isospin-symmetric clusters, reflecting the good constraint
on the isoscalar equation of state, while the opposite holds
for the neutron-rich ones. Specifically one can see that the
cluster energetics does not reflect the behavior of the EOS
at ρ00 but rather at a lower density, where the difference
between the different interactions is important. This is
essentially due to the surface term, and shows the impor-
tance of employing parametrizations for the energetics of
the clusters, which are consistent with the modelization of
the uniform matter in the core.
As we will show, β-equilibrium matter at low temper-
ature is extremely neutron rich. For this reason we expect
that an important sensitivity on the effective interaction,
and the underlying symmetry energy, will persist even in
clusterized matter.
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Fig. 2. δEbulk/A = −ǫ(ρgn, ρgp)/ρ0(A, I) versus ρg for two different gas compositions: (Yp)g = 0 (pure neutron gas) and
(Yp)g = (Yp)cl (same asymmetry) for different values of (Yp)cl as mentioned on each panel. The effective interaction is SLY4.
The ending points of δEbulk/A mark the densities corresponding to cluster dissolution in the dense medium.
2.3 Bulk in-medium effects
At finite temperature the system is not periodic, and the
concept of Wigner-Seitz cell is not fully meaningful. How-
ever a cluster-dependent Wigner-Seitz volume can still be
defined as the volume neutralizing the cluster charge as:
VWS(A) =
V
A0
A, (19)
while the average Wigner-Seitz volume is given as a func-
tion of the average cluster mass in the cell, 〈VWS〉β =
V 〈Acl〉β/A0. This definition converges to the standard def-
inition at T = 0. Using Eqs. (4), (14), (18), the total en-
ergy inside a single Wigner-Seitz cell containing a cluster
(A, I) and unbound neutrons and protons at a density
ρg = ρgn + ρgp and an asymmetry δg = (ρgn − ρgp)/ρg,
reads:
EWS = EA,I(ρe) + ǫ(ρg, δg)
(
VWS −
A
ρ0(A, I)
)
(20)
where the energy functional of the unbound particles cor-
responds to the energy density of an infinite homogeneous
system at a density ρgn, ρgp calculated in the mean-field
approximation.
We have derived this expression making use of the clas-
sical excluded volume concept. We can alternatively write
the Wigner-Seitz energy in terms of the complete Skyrme
energy density functional ǫ [{ρi, τi}], i = n, p including
gradient and non-local terms as
EWS =
∫
VWS
ǫ [{ρi(r), τi(r)}] d
3r
=
∫
A/ρ0
ǫ [{ρi(r), τi(r)}] d
3r
+
∫
VWS−A/ρ0
ǫ [{ρi(r), τi(r)}] d
3r
= EA,I(ρe) + ǫ(ρgn, ρgp)
(
VWS −
A
ρ0(A, I)
)
+ δEsurf (21)
where δEsurf represents the interface energy between the
cluster and the gas, and is expected to scale as the cluster
surface ∝ R2 ∝ ρ0(A, I)
−2/3A2/3. We can consider this in-
terface energy as an in-medium modification of the cluster
energy functional and write
EWS = E
m
A,I(ρe, ρgn, ρgp) + ǫ(ρgn, ρgp)VWS (22)
with
EmA,I(ρe, ρn, ρp) = EA,I(ρe) + δEbulk + δEsurf (23)
where the bulk binding energy shift is given by
δEbulk = −
ǫ(ρg, δg)
ρ0(A, I)
A (24)
The physical origin of this in-medium modification is easy
to understand. In the mean-field approximation, the sin-
gle particle states |i > composing the nuclear gas are
plane waves delocalized over the whole volume, and thus
partially contributing to the local density of the cluster,
ρ(r) =
∑A+Afree
i=1 < r|i >
2. Since the energy minimiza-
tion in the Wigner-Seitz cell leads to a bulk cluster den-
sity equal to the saturation density at the correspond-
ing isospin asymmetry [40], the bulk cluster energy is re-
duced by the contribution of the continuum states. This
argument shows that the excluded volume mechanism cor-
rectly accounts for the bulk part of the in-medium binding
energy correction, at least in the local density approxima-
tion.
To quantitatively understand how important the cor-
rection ǫ/ρ0 is, we plot in Fig. 2 the evolution of this
quantity as a function of gas density for two representa-
tive cases of a pure neutron gas (left) and a gas asymmetry
equal to the cluster one (right). The effective interaction
considered here is SLY4.
Imposing the gas asymmetry to be equal to the cluster
asymmetry, amounts to disregard isospin effects (isospin
fractionation) in the thermodynamical equilibrium. In this
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case we recover the well known result that the cluster en-
ergy is reduced by the presence of the surrounding medium,
leading to the dissolution of clusters at the critical Mott
density [39]. This density can be defined as the density
corresponding to vanishing bulk binding, and is given by
the ending point of each curve in Fig. 2. We can see that
this critical density monotonically decreases with increas-
ing cluster asymmetry.
In the case of stellar matter at β-equilibrium the frac-
tionation effect cannot be neglected, and the gas is sys-
tematically more neutron-rich than the clusters. In the
simplified T = 0 case of the neutron star crust, unbound
particles are uniquely constituted of neutrons [28]. The
limiting case (Yp)g = (δg − 1)/2 = 0 is thus closer to
the physical condition of the stellar environment. In this
case the trend is reversed. The unbound component being
strongly asymmetric, the bound part of matter associated
to the cluster is more symmetric, as a part of the neu-
tron single-particle states are continuum states belonging
to the gas. Being effectively more symmetric than if the
gas was not there, the cluster is more bound. This simple
mechanism explains why clusters can survive in environ-
ment extremely neutron rich as neutron star crusts.
As a first approximation, we can consider that the
binding energy shift implied by the excluded volume mech-
anism is the dominant in-medium effect. For this reason,
in the next section we present results of the extended
NSE model neglecting the in-medium surface correction
δEsurf .
3 Results at β−equilibrium at finite
temperature
Properties of dilute clusterized baryonic matter relevant
for CCSN and PNS as total baryonic energy and entropy
per baryon, pressure, relative amounts of bound and un-
bound matter, size of the most probable cluster, etc. are
often plotted in NSE as a function of total baryonic den-
sity along constant proton-fraction paths. This choice is
mostly motivated by the fact that in the core collapse evo-
lution before and after bounce a very wide interval of tem-
peratures, densities and proton fraction is explored, and
the equation of state is needed in this three-dimensional
space.
If however we limit ourselves to the low temperature
case relevant for (proto) neutron star crusts and the first
steps of the CCSN dynamics, the proton fraction at each
baryonic density is determined by the neutrinoless β -
equilibrium condition, and the problem is reduced to a
one-dimensional space.
The upper panel of Fig. 3 illustrates the overall pro-
ton fraction, as well as the average proton fraction inside
the clusters, as a function of density for T=1 MeV at β-
equilibrium. The four effective interactions discussed in
the previous section have been considered. Yp(ρ) shows
a monotonic decrease from a value slightly below 0.4 at
ρ ≈ 10−7 fm−3 to almost zero at ρ > 5 · 10−2 fm−3, in
agreement with the pioneering work of Negele and Vau-
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Fig. 3. T=1 MeV; Average cluster properties (size and pro-
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a function of total baryonic density along the β−equilibrium
path.
therin [28]. The Yp(ρ)-curve seems to be largely indepen-
dent of the effective interaction. This can be understood
taking into account that Yp = Ye is determined, for the
neutrino free steaming regime here assumed, by the β-
equilibrium relation where the ideal character of the elec-
tron gas dominates over the details of the nuclear interac-
tions.
In contrast with this, the relative number of unbound
nucleons Afree/Atot = (1− xcl) presented in the medium
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panel indicates a possible correlation between L and the
crust-core transition width.
Roughly speaking, over the considered density range
Afree/Atot(ρ) increases from 0 to 1. This confirms that
at low densities matter is chiefly made out of clusters
while at high densities it rather consists of uniform mat-
ter in strong interaction. A closer look reveals however
a non-monotonic behavior at the extreme densities. The
initial decrease of the gas component is a finite temper-
ature effect: at low density matter is almost symmetric
and clusters are below the neutron-drip line. The popu-
lation of continuum states is thus solely due to the oc-
cupation of single-particle states above the Fermi energy
due to the finite temperature. The total number of nu-
cleons in the continuum is proportional to the available
volume, and thus decreases with increasing density. As
density increases, the system becomes globally more and
more neutron-rich. When the neutron drip-line is over-
come, an extra contribution of unbound neutrons in the
continuum states appears, which monotonically increases
with increasing density independent of the temperature.
〈(Yp)cl〉β(ρ) decreases monotonically as a consequence
of the monotonic decrease of Yp(ρ) and, irrespective the
density, 〈(Yp)cl〉β > Yp. This means, as expected, that the
dense matter is always more symmetric than neutron mat-
ter, consistent with the zero temperature limit of exclusive
neutron drip. The lower panel of Fig. 3 gives the additional
information of the average cluster mass. The generic shape
of 〈Acl〉β(ρ) shows a gentle increase over several orders of
magnitude in ρ and, for ρ > 10−2 fm−3, a sudden fall.
While the average cluster increase is the NSE replica of
pastas where the dense phase expands with increasing the
density, the fall is the consequence of the very small num-
ber of protons available at high densities and which are
essential for cluster formation.
The decrease of cluster size due to decreasing proton
fraction explains the high density decrease ofAfree/Atot(ρ)
observed above. Indeed the reduced cluster charge implies
a reduced Wigner-Seitz volume and an increased cluster
volume, which tend to reduce the percentage of unbound
nucleons.
The most important sensitivity to the EOS concerns
the average cluster size. This can be understood from the
fact that at low proton fractions the size of the most stable
cluster is strongly connected to the isovector properties of
the effective interaction, as we have observed commenting
Fig.1.
Fig. 4 depicts the evolution with density of the to-
tal baryonic energy per baryon corresponding to the to-
tal system and, respectively, the free and bound nucleons
component separately. For the sake of completeness also
the energetics of pure homogeneous matter at T=1 MeV
and β-equilibrium is considered. Comparing the behavior
of uniform matter with the behavior of the total inho-
mogeneous system we can see that correctly accounting
for the clusters is absolutely essential to understand the
energetics of stellar matter, and no conclusion on the com-
pact stars physics can be drawn based on the mean-field
behavior of nuclear matter.
In particular, at very low densities (ρ < 10−5 fm−3),
where the unbound component is very dilute and repre-
sents a small fraction of matter, the energetics of the sys-
tem is determined to a large extent by the energetics of
clusters. In this regime, being not far from symmetry, the
clusters are similar to terrestrial nuclei, are characterized
by an energy per nucleon of the order of -8.5 MeV and
all the different predictions coincide. However we have al-
ready seen that, even at these low densities, the matter
composition as measured by Afree/Atot shows a depen-
dence on the interaction. This explains why, in contrast
to the non-sensitivity of (E/A)free, a certain spread of
the order of 1 MeV per nucleon is observed in the predic-
tions for (E/A)tot even in this region of moderate isospin
asymmetries where the effective interaction is well con-
strained.
In the density domain where the unbound component
dominates (ρ > 10−3 fm−3) the mixture is unbound, too.
The dispersion of (E/A)tot here is not larger than the
one at low densities, contrary to what one would have
expected considering the behavior of (E/A)free. This can
be understood from the fact that the different energetics
and different compositions are not correlated.
Globally speaking, we can say that the presence of clus-
ters in dilute matter reduces the uncertainties due to our
incomplete knowledge of the isovector equation of state.
Still a dispersion in the predictions is seen, and it is clear
that it is essential to determine the isovector behavior at
low density better than the present constraints in order to
have a reliable model for the equation of state of stellar
matter.
4 In-medium surface effects
Microscopic calculations [45] indicate that surface prop-
erties of clusters are modified by the presence of an ex-
ternal medium. This means that, even if the dominant in-
medium effect is accounted by the excluded volume mech-
anism, we should expect that the correcting term δEsurf
cannot be negliged in general.
From equation (21) we can deduce the expression of
this in-medium binding energy shift in the framework of
the density functional theory:
δEsurf (A, I, ρng, ρpg) =
∫
VWS
ǫ [{ρi(r), τi(r)}] d
3r
−EA,I(ρe)− ǫ(ρgn, ρgp)
(
VWS −
A
ρ0(A, I)
)
(25)
In the local density approximation ǫ [{ρi(r), τi(r)}] ≈
ǫ(ρn(r), ρp(r)), eq.(25) can be easily solved if the density
profiles ρi(r) are known. It is well known [46,47] that a
variational estimation of the density profile leads to a good
estimation of Hartree-Fock energies only if the fourth or-
der correction in the h¯ expansion for the kinetic energy
densities is included in the extended Thomas Fermi ap-
proach, or alternatively if adjustable parameters are fine-
tuned. For this reason it was recently proposed in ref. [40]
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Fig. 4. T=1 MeV; Energy per baryon as a function of total baryonic density along the β−equilibrium path. Upper panels:
Clusterized (left) and unbound (right) sub-systems; Lower part: Total system (right) and pure homogeneous matter (left).
an alternative modelization where an analytical ansatz for
the density profile is checked against Hartree-Fock calcula-
tions in the Wigner-Seitz cell, and the energy is calculated
using the simpler local density approximation correspond-
ing to the lowest h¯ Thomas-Fermi order, that is neglecting
the higher order gradient terms in the kinetic energy den-
sity and effective mass.
The density profile is given by the convolution between
a flat ρg and a rapidly falling distribution of Woods-Saxon
type associated respectively to the gas and cluster density
[40]:
ρi(r) =
ρ0i − ρgi
1 + exp
(
r−Ri
ai
) + ρgi; i = n, p, (26)
where the radius parameter is given in terms of the equiv-
alent homogeneous sphere radius RHS as Ri = R
HS
i (1 −
π2/3(ai/R
HS
i )
2) , ρ0i = (A± I)ρ0(A, I)/(2A) are the par-
tial saturation densities calculated for the cluster asym-
metry, and the diffuseness parameters have a quadratic
dependence on the bulk asymmetry, ai = αi + βi(1 −
2(Yp)cl)
2. For details, see Ref. [40].
Even if the density profile (26) gives an excellent re-
production of the Hartree-Fock calculation, the associated
energy calculated in the local density approximation de-
viates from the microscopic result [40]. This is due to the
absence of spin-orbit and non-local terms in the kinetic
energy density in the LDA. These energy terms are not af-
fected by the external medium, and it was shown [40] that
the deviation of the LDA with respect to HF is constant
with the gas density. This means that we can calculate the
in-medium surface correction from the LDA approxima-
tion, provided the vacuum energy is consistently derived
from the same approximation:
δEsurf (A, I, ρng, ρpg) =
∫
VWS
ǫ (ρn(r), ρp(r)) d
3r
−
∫
VWS
ǫρg=0 (ρn(r), ρp(r)) d
3r
−ǫ(ρgn, ρgp)
(
VWS −
A
ρ0(A, I)
)
(27)
where ǫρg=0 is obtained putting ρgn = ρgp = 0 in eq. (26).
4.1 Study of δEsurf
Fig. 5 illustrates the surface tension, defined as the scaled
in-medium modification of surface energy δEsurf/A
2/3 as
a function of gas density ρg for two particular cases: (Yp)g =
0 (pure neutron gas) and (Yp)g = (Yp)cl (gas asymmetry
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asymmetry) for different values of (Yp)cl as mentioned on each panel. The effective interaction is SLY4.
is identical to the cluster one). The calculation was done
varying the cluster size and isospin over a very large do-
main of N and Z covering the whole periodic table well
beyond the neutron dripline. The perfect scaling with A2/3
observed shows that indeed the residual in-medium bind-
ing energy shift is a surface effect.
In symmetric matter (right side, curve labeled (Yp)cl =
0.5) the surface energy is reduced in the medium and van-
ishes at normal density, being already negligible around
ρg ≈ ρ
0
0/2. This is due to the compensation of the surface
energy due to the finite size, by the attractive interac-
tion with the surrounding gas, which becomes indistin-
guishable from the cluster bulk at ρg = ρ
0
0. Increasing the
isospin asymmetry and ignoring isospin fractionation ef-
fects (right side), the bulk density reduces and the density
of the neutron gas can overcome the neutron density in-
side the cluster. This bubble-like effect leads to a negative
surface energy, and is at the origin of the appearance of
pasta phases in dense matter.
In the pure neutron gas case (left part), the behav-
ior is opposite, similar to what we have observed for the
bulk energy shift. Indeed, the interface interaction with
the surrounding gas becomes less attractive if the cluster
is more asymmetric, leading to a decrease of the bind-
ing and therefore an increase of the surface energy with
increasing asymmetry. This effect is very small until den-
sities of the order of ρ00/10 and progressively increases in
the density regime corresponding to the inner crust.
Globally we can see that these in-medium modification
are not negligible and should be accounted for in a realis-
tic equation of state, in addition to the excluded volume
mechanism. Due to the simple expression (27), these cor-
rections can be tabulated as a function of (A, I, ρgn, ρgp)
and straightforwardly introduced in the NSE calculations
as a modification of the cluster energy functional with no
extra computational cost.
In this paper we focus on the qualitative effect of the
binding energy shift on the equilibrium properties of the
mixture between clusters and unbound nucleons, and on
the uncertainties linked to out incomplete knowledge of
the effective interaction. For this reason we do not explore
the effect of this correction term on the whole (T, ρ, Yp)
space, but limit ourselves to the simpler case of zero tem-
perature stellar matter in β equilibrium.
4.2 Effect of the in-medium correction at
β−equilibrium at zero temperature
In order to estimate to which extent the crust-core tran-
sition of a neutron-star and the related quantities are
affected by in-medium effects, we have first calculated
the Wigner-Seitz cells characteristics (AWS , ZWS , VWS)
at the different baryon densities as provided by NSE at
T=0.5 MeV along the β-equilibrium path without the in-
clusion of the surface correction terms. We have verified
that these numbers do not change by further decreasing
the temperature and can thus be considered as representa-
tive of the zero temperature situation. The corresponding
proton fraction as a function of the baryonic density is
represented in the upper right part of Fig. 6.
In this simplified situation we can safely consider a
pure neutron gas and for each ρ, the Wigner-Seitz energy
eq. (21) is minimized with respect to the cluster size A
using the in-medium surface correction given by eq. (27).
The equilibrium properties at zero temperature are
plotted in Fig. 6, both for the case where in-medium ef-
fects are accounted for, and the one in which they are ig-
nored. We can see that the specificity of zero temperature
is the discontinuous behavior of the number of unbound
nucleons (lower right), which is strictly zero beyond the
neutron drip-line and monotonically increases afterwards.
As a consequence, both the cluster size (upper left) and
the cluster proton fraction (upper right) present a cusp be-
havior at the drip, allowing to clearly distinguish the inner
crust from the outer crust. As we have seen in the previous
section, this clear distinction is not possible at finite tem-
perature, because of the presence of continuum states in
the whole density domain. Otherwise, the behavior is very
similar to the trends discussed in section 3 at T = 1MeV .
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This confirms the well-known fact that, at these low tem-
peratures, the cluster distribution is well represented by
the unique cluster obtained by the minimization of the en-
ergy, and the entropy contribution represents a correction
on the global trend determined by the energetics of the
Wigner-Seitz cell.
In what regards the in-medium effects, Fig. 6 indicates
that they are sizable only at the densities corresponding
to the inner crust, ρ > 5 · 10−3 fm−3 and they act in the
sense of reducing the cluster size (upper right). This can
be understood from the fact that a reduced surface energy
especially favors clusters with a high surface to bulk ratio,
that is small clusters. Since the medium is solely composed
of unbound neutrons, a reduced cluster size corresponds
to an increased isospin asymmetry (upper right). The ef-
fect of the in-medium modification appears globally small.
This is due to the fact that, at the densities where free nu-
cleons can be found, zero temperature matter in β equi-
librium corresponds to extremely neutron-rich clusters in
a neutron gas. As it can be seen from Fig. 5 (upper left)
this situation corresponds to the smallest binding energy
shift, and the excluded volume accounts for most of the
in-medium effects. This might also explain why classical
calculations which completely ignore this effect [33,20] are
still successful in reproducing the global phenomenology
of the inner crust. We expect that in supernova conditions
the effect will be more important. Work in this direction
is in progress.
The lower left part of Fig. 6 shows the total and cluster
energy in the Wigner-Seitz cell. Again, we can clearly see
the separation between outer and inner crust at the emer-
gence of neutron drip, that leads to two different regimes
for the density dependence of the cluster energy. Because
of the attractive nature of the interface interaction, the
cluster energy is reduced by the in-medium surface ef-
fects. However, in the inner crust the unbound component
is dominant as it can be seen from the lower right part.
This implies that the total energy in the Wigner-Seitz cell
is not affected by the in-medium surface corrections. For
this reason, the conclusions we have drawn on the sensi-
tivity of the equation of state of clusterized matter in the
previous section, where these effects were not accounted
for, are expected to hold in a more sophisticated calcula-
tion of the cluster energy functional.
5 Symmetry energy
One of the motivations of our study is the validity test,
in the case of dilute clusterized baryonic matter, of the
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Fig. 7. Test of the quadratic approximation of the energy per
baryon versus asymmetry for different values of the total bary-
onic density and temperature. The total energy per baryon
(stars) is plotted as well as the clusterized component value
(open circles) as a function of the respective δ = 1 − 2Yp val-
ues. The employed effective interaction is SLY4. The full and
dashed lines correspond to a second order polynomial fit of e(δ)
and ecl(δcl), respectively.
parabolic approximation of the energy per baryon as a
function of density, on which the definition of the sym-
metry energy relies. The reason for which we expect this
approximation to be violated is the inhomogeneous struc-
ture of the matter, as we now explain.
The energy per baryon is a linear combination of the
unbound eg = ǫ/ρg and bound ecl = 〈(EA,I + E
∗
A,I)/A〉β
contributions:(
E
A
)
tot
= e(ρ, δ) = ecl(〈Acl〉β , 〈δcl〉β , ρg, δg)xcl
+eg(ρg, δg) (1− xcl) (28)
where the expression of the total asymmetry as a function
of the asymmetry of clusters and free particles depends in
a complex way on the density and temperature:
δ = xcl〈δcl〉β + (1− xcl)δg (29)
We remind that the behavior of the unbound fraction as
a function of the density was shown at zero and finite
temperature in Figs. 6 and 3 above in the specific case of
β-equilibrium.
Two limiting situations can be considered. In the limit
xcl ≪ 1, ρ → ρg, δ → δg and the energetics of an ho-
mogeneous system is recovered. If we limit ourselves to
the second order in δ and T and note the Fermi energy
ǫF = h¯
2/2m(3π2ρ/2)2/3, we get the standard mean-field
result
lim
xcl→0
e(ρ, δ) = e0(ρ, T ) + esym(ρ, T )δ
2 (30)
where the isoscalar and isovector component depend on
the effective interaction employed:
e0 = C0ρ+ C3ρ
σ+1 +
(
3
5
ǫF +
π2
4
T 2
ǫF
)(
1 + Ceff
2m0ρ
h¯2
)
,
(31)
esym = D0ρ+D3ρ
σ+1 +
1
3
(
ǫF −
π2
12
T 2
ǫF
)(
1 + Ceff
2m0ρ
h¯2
)
+ Deff
2m0ρ
h¯2
(
ǫF +
π2
12
T 2
ǫF
)
. (32)
In the opposite limit xcl → 1, ρ→ A0/V = 〈Acl〉β/〈VWS〉β ,
δ → 〈δcl〉β and the unbound particle energy, as well as
the in-medium modification to the cluster energy, can be
neglected. The average energy per baryon is then deter-
mined by the finite temperature cluster energetics in the
vacuum, which contains the isospin symmetry breaking
Coulomb term:
lim
xcl→1
e(ρ, δ) = ecl = 〈
EA,I
A
〉β +
3
2
T
1
〈Acl〉β
= a˜v(〈Acl〉β , ρe, T )
+ a˜sym(〈Acl〉β , ρe) (δ − δ0(〈Acl〉β , δ, ρe))
2
+
3
2
T
1
〈Acl〉β
(33)
where again the isoscalar and isovector component depend
on the effective interaction through the different terms of
the cluster functional:
a˜v(A, ρe, T ) = av − asA
−1/3
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−
ac
4
fWS(A, I, ρe)A
2/3(1 − δ0)
2 + 〈
E∗A,I
A
〉β (34)
δ0(A, ρe) =
acfWSA
2/3
4aa + acfWSA2/3
(35)
a˜sym(A, ρe) = −aa −
ac
4
fWSA
2/3 (36)
We can see that in this limit a parabolic behavior is to
be expected, but with a shifted minimum at a positive
asymmetry due to the Coulomb term. This is true if the
dependence on δ of fWS is sufficiently weak, which we
expect to be true far from the crust-core transition. In
the general case, the weighted sum of the two parabolic
behaviors will not give a parabola because of the non-
linear dependence of δ on the cluster and free particles
asymmetry eq.(29).
Fig. 7 shows the evolution of the cluster and total en-
ergy per baryon as a function of the δ-isospin asymmetry
parameter corresponding to different representative den-
sities and temperatures. Qualitatively similar results are
obtained for all the effective interactions explored in this
work. In all cases a clear minimum is observed around
δ ≈ 0.1, showing the important isospin symmetry break-
ing. This means that the usual definition of the symmetry
energy as the curvature of the energy of symmetric matter
in the isospin direction is not meaningful in star matter,
and should be replaced by:
e(1)sym =
1
2
∂2e
∂δ2
|δ=δ0(ρ) (37)
where δ0 is the isospin asymmetry which minimizes the
energy per baryon, due to the competition between the
Coulomb and asymmetry terms eq. (35).
We can see that at low temperature the energetics is al-
ways dominated by the cluster component, and the limit
xcl → 1 is approximately reached at densities as low as
ρ ≥ 10−6 fm−3 for T = 0.5 MeV. Increasing the tempera-
ture, the unbound component becomes more important in
absolute value but still the global trend is determined by
the bound clusters. Notice that this behavior of xcl with
density and temperature is very different from the one ob-
served in Figs.6 and 3. This is due to the fact that those
figures were done in β-equilibrium, that is with an isospin
asymmetry rapidly increasing with the density. Here we
are interested in moderate δ ≈ δ0 asymmetries, where the
cluster fraction is dominant except at the lowest densities.
The visual behavior of the energy curves of Fig.7 for
moderate asymmetries appears parabolic at all densities
and temperatures. Concerning the cluster energy compo-
nent, this is confirmed by a second order polynomial fit.
This behavior can be understood considering that the only
non-parabolic term in eq.(33) comes from the electron
screening effect, fWS(I), which depends on the baryon
density but has a very weak dependence on δ for mod-
erate asymmetries. Concerning the total energy, a closer
analysis reveals that in the density domain where the free
particles contribution cannot be neglected the curvature
of the total energy extracted from a parabolic fit depends
strongly on the interval used for the fit, showing the pres-
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Fig. 8. Curvature of (E/A)tot (lines) and, respectively,
(E/A)cl (symbols) in the direction of δtot and, respectively,
δcl as a function of total baryonic density at various tempera-
tures, T=0.5, 1 and 2 MeV. The considered effective interaction
is SLY4.
ence of higher order contributions. This is again in agree-
ment with our expectations from eq. (28).
The global behavior of these symmetry energies as a
function of density and temperature is displayed in Fig.8.
As we have seen in the previous chapter, at strictly zero
temperature the free nucleons component appears only
above the drip point. Because of the low density of the gas,
this component gives a small energy contribution for all
densities ρ ≤ 10−2 fm−3. It is therefore not surprising that
at low temperature the symmetry energy is dominated
by the symmetry energy of the clusters. At variance with
T = 0, at finite temperature however free particles exist
in equilibrium with clusters at any density. As we have al-
ready observed in Fig. 7, for moderate and constant asym-
metries xcl is an increasing function of the density (with
the exception of the steep drop at the crust-core transi-
tion). As a consequence, at the lowest densities the free
particles component in eq. (28) cannot be neglected. This
component is minimized at δ = 0, see eq.(30). The pres-
ence of this shifted behavior steepens the effective depen-
dence on δ of the global system, leading to a higher sym-
metry energy with respect to the case of a nucleus in the
vacuum (see the solid line corresponding to T=0.5 MeV
in Fig. 8). At a given density, the importance of the un-
bound component increases with the temperature. Above
the solid-gas transition temperature, the opposite limit is
recovered and the cluster component tends to disappear.
We can see in Fig. 8 that this is the case at T = 1 MeV
for ρ ≤ 10−7 fm−3 and at T = 2 MeV for ρ ≤ 2.5 · 10−5
fm−3 and homogeneous matter dominates the global en-
ergetics even at higher density. As a consequence, isospin
symmetry tends to be recovered at T ≥ 2 MeV, the energy
minimum is shifted towards δ = 0 and the symmetry en-
ergy essentially reflects the mean field behavior of a dilute
gas. Finally, one can note that at the lowest densities at
T = 1 and 2 MeV the cluster symmetry energy deviates
from the from the liquid-drop value. This stems from the
kinetic energy term in eq. (33) and, more precisely, the
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Fig. 9. e
(1)
sym as a function of baryonic density for T=0.5 MeV
and different effective interactions. The fitting interval is cen-
tered at δ0 and its width is ∆δ =0.1.
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Fig. 10. The evolution with total baryonic density of e
(2)
sym for
T=0.5, 1 and 2 MeV. The considered effective interaction is
SLY4.
correlation among the average cluster size and the total
system asymmetry.
The sensitivity of the symmetry energy to the under-
lying effective interaction is plotted in Fig. 9. The trends
obtained employing SLY4 are confirmed by the other in-
teractions. While definitely exploring values far from both
symmetry energy of saturated symmetric matter and the
one of most probable cluster, Eq. (37) keeps the mem-
ory of the effective interaction. Indeed, the almost 3 MeV
difference among the symmetry energy of saturated sym-
metric matter of SGI on one hand and SLY4, SkI3 and
LNS on the other hand is found in the difference the var-
ious interactions provide for the symmetry energy of the
inhomogeneous matter. The different Skyrme models we
have used represent roughly the present uncertainties on
the isovector EoS properties. The difference between the
different symmetry energies of inhomogeneous matter that
we obtain thus gives a measure of how much this uncer-
tainty in the effective interactions affects our knowledge
of the symmetry energy properties of stellar matter.
Another consequence of the isospin breaking Coulomb
effect we have discussed, is that the definition of symme-
try energy as an energy curvature by eq. (37) will not be
equivalent to the difference in binding between symmetric
and neutron matter,
e(2)sym = e(ρ, δ = 1)− e(ρ, δ = 0) 6= e
(1)
sym (38)
contrary to the common belief. In particular, eq.(38) was
used to extract the symmetry energy of non-uniform mat-
ter in ref.[48]. The behavior of eq.(38) as a function of
density and temperature is shown in Fig.10. Not surpris-
ingly, this function has no ressemblance with the curva-
ture at the energy minimum eq.(37), and does not al-
low to infer the energy behavior of asymmetric clusterized
matter, showing that these definitions should be handled
with care. Similar to ref.[48], the presence of clusterization
translates into a non-vanishing symmetry energy eq.(38)
in the ρ→ 0 limit.
6 Conclusions
In this paper we have analyzed the behavior of diluted stel-
lar matter at zero and finite temperature in β-equilibrium
in the framework of an improved NSE model. The same
effective interaction is consistently used to describe both
unbound nucleons and nuclear clusters. Bulk and surface
in-medium modifications of the cluster energies are evalu-
ated from the same effective interaction in the local den-
sity approximation. We have shown that the excluded vol-
ume effect exhausts the bulk part of the binding energy
shift due to the presence of a medium. Surface corrections
have a complex behavior as a function of the cluster size
and isospin, and have to be consistently included in the
NSE modelization in order to have a realistic equation
of state. The net effect of this binding energy shift is to
reduce the size of the clusters and modify the matter com-
position in the inner crust, while the global energetics is
unmodified.
The presence of clusters at subsaturation densities leads
to a deep modification of the global energetics, both in
the isoscalar and in the isovector direction. Not only the
baryonic energy is non-zero in the ρ → 0 limit [48], but
the parabolic approximation to the symmetry energy com-
pletely fails. Indeed, the presence of charge fluctuations
inside the globally charge-neutral medium induces impor-
tant Coulomb effects which break the isospin invariance.
As a consequence, the curvature of the energy functional
in the isospin direction and the energy difference between
neutron and symmetric matter diverge.
The other important effect of clusterization is that the
effective density which is explored in stellar matter is dif-
ferent from the average baryonic density because of den-
sity fluctuations. As a consequence, the present uncertain-
ties in the isovector part of the equation of state do not
strongly affect the behavior of the equation of state of stel-
lar matter, even if better constraints are certainly needed
to have a fully quantitative prediction for astrophysical
applications.
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